Abstract. As a generalization of harmonic weak Maass forms, we consider polyharmonic weak Maass forms characterized by the repeating action of the ξ-operator. In this article, we construct a basis for the space of such forms of half-integral weight. Furthermore, we give arithmetic formulas for these Fourier coefficients in terms of traces of CM values and cycle integrals of polyharmonic weak Maass forms.
Introduction
For a negative integer d, we denote by Q d the set of positive definite integral binary quadratic forms of discriminant d. Under the usual right action of SL 2 (Z), it has finitely many classes Q d /SL 2 (Z). For each Q ∈ Q d , the order of the stabilizer w Q := |PSL 2 (Z) Q | is equal to 3, 2, or 1 according as Q is SL 2 (Z)-equivalent to X 2 + XY + Y 2 , X 2 + Y 2 up to a constant multiple, or otherwise, respectively. Under these notations, the Kronecker-Hurwitz class number H(d) is defined by holomorphic, but a sesquiharmonic Maass form of weight 0, according to Lagarias-Rhoades' recent work [14] . Then the following is known. is the holomorphic part of a polyharmonic Maass form of weight 3/2 and depth 2 on Γ 0 (4). Here we need a suitable constant term Tr 0 (−log(y|η(z)| 4 )).
This theorem can be generalized to any polyharmonic weak Maass forms of weight 0. Before that, we recall the definition of polyharmonic Maass forms. The integral weight case was introduced by Lagarias-Rhoades [14] in 2016. In this article, we are also concerned with the cases of half-integral weight. For a fixed k ∈ where a = k if 2r is odd, and a = 2 − k if 2r is even, (3) there exists an α ∈ R >0 such that f (x + iy) = O(y α ) as y → ∞, uniformly in x ∈ R, is called a polyharmonic Maass form of weight k and depth r. The space of all such forms is denoted by H r k . In the particular case of r = 1, since the weight k hyperbolic Laplacian ∆ k is expressed as ∆ k = −ξ 2−k • ξ k , the element of H 1 k is a harmonic Maass form, and H 1/2 k is the space of holomorphic modular forms. Moreover, we call them sesquiharmonic if r = 3/2. Further, we let H r,! k be the larger space of polyharmonic weak Maass forms defined by relaxing the third condition to f (x + iy) = O(e αy ). Moreover in the half-integral weight case, we assume that the elements in H r,! k satisfy Kohnen's plus-condition, that is, the n-th Fourier coefficient a(n, y) of f ∈ H r,! k in the form f (z) = n∈Z a(n, y)e 2πinx vanishes unless (−1) k−1/2 n ≡ 0, 1(mod 4). Then it can be easily checked that if f has polynomial (exponential) growth at i∞, then it also has at most polynomial (exponential) growth at other cusps 0, 1/2.
First we construct a basis for this space H r,! k as an analogue of the author's earlier work [15] by using the Maass-Poincaré series of half-integral weight k ∈ Z + 1/2,
where pr + k is Kohnen's projection operator [13] and M µ,ν (y) is M -Whittaker function. Moreover we consider its Laurent expansion
Actually the coefficients satisfy F k,m,r (z) = G k,m,r (z) = 0 if r < 0 except for F 1/2,n 2 ,−1 (z) = 0 with n ≥ 0. In terms of these Laurent coefficients, we construct a basis for the space H r,! k of polyharmonic weak Maass forms of half-integral weight. Theorem 1.2. Let r ≥ 1 be an integer. For k = λ k + 1/2 with λ k ∈ Z, we define an integer ℓ k by 2λ k = 12ℓ k + k ′ where k ′ ∈ {0, 4, 6, 8, 10, 14}. Moreover we put
For each integer m ≥ −A k with (−1) λ k −1 m ≡ 0, 1(4), the unique weakly holomorphic modular
, and they hold that H 0,! k = {0} and
Here we putF
In particular, we immediately obtain the following from this theorem.
Remark. Recently, Jeon-Kang-Kim [12] constructed a basis for H
Z. Next we investigate the Fourier coefficients of these polyharmonic weak Maass forms as another goal. We redefine the set Q d for any d ∈ Z by
In addition if d is not a square number, we split
into the subsets of forms with a > 0 and a < 0. For each fundamental discriminant D or D = 1, an integer d with dD < 0, and a SL 2 (Z)-invariant function f , we define the twisted modular traces by and well-defined as a character on on Q dD /SL 2 (Z). On the other hand, for a non-square dD > 0, we define the twisted traces of cycle integrals by
, To our purpose, we take any polyharmonic weak Maass form f of weight 0 as an input function. As shown in our earlier work [15] , the Laurent coefficients of the Niebur-Poincaré series G m (z, s) span the space H where I s (y) is the modified I-Bessel function. It was originally studied by Niebur [17] . Moreover we also want to consider the case of d < 0, D < 0 in some sense, so that we define the modified traces 
, the MaassPoincaré series P k,m (z, s) has the Fourier expansion of the form
where
and W µ,ν (y) is W -Whittaker function. In particular, the symmetric property b k,m (n, s) = b k,n (m, s) holds. Moreover, for a non-zero integer d and a fundamental discriminant D or D = 1 such that (−1) λ k dD is not a square, the coefficients b k,m (n, s) are given by
where µ(n) is the classical Möbius function, and 
For D < 0, the left-hand side is equal to
and if d is also a fundamental discriminant, the right-hand side is given by 
that is,
For a fundamental discriminant d > 0 and D > 0 with dD = , we have
This formula was established by Siegel [4, (65) ]. Moreover, Theorem 1.1, the case of D = 1 and d < 0, is given by combining Theorem 1.2 and Proposition 1.4, calculating the Fourier coefficients of the holomorphic part of G 3/2,0,1 (z). A generalization of Theorem 1.1 is obtained by taking some derivatives of G m (z, s) in s and taking a limit as s approaches 1. Therefore we see that the generating function of trace-values for polyharmonic weak Maass forms of weight 0 is the holomorphic part of a certain polyharmonic weak Maass form of weight 1/2 or 3/2. Furthermore, the Fourier coefficients for another half-integral weight are realized as the trace-values of shifted polyharmonic weak Maass forms (introduced in [1] ).
The paper is organized as follows. First, in Section 2, we give basic properties of Whittaker functions. After that, we review some results on the Maass-Poincaré series, and explain our Proposition 1.4. Finally, through Section 4 to Section 6, we give a proof of Theorem 1.2, and in Section 7 we write down a proof of Corollary 1.5 and Theorem 1.1.
The Whittaker functions
In this section, we recall some basic properties of Whittaker functions based on [9, 9.22-9.23], [16, Chapter VII] . For two parameters µ, ν ∈ C, Whittaker functions M µ,ν (z) and W µ,ν (z) are the standard solutions to the Whittaker differential equation
If these parameters µ, ν satisfy Re(ν ± µ + 1/2) > 0 and y > 0, then Whittaker functions are represented by
Moreover, we define a modified version of Whittaker function M + µ,ν (z) := W −µ,ν (ze πi ) according to the paper [1] . This function M + µ,ν (z) is also a solution of (2.1), and always linearly independent to W µ,ν (z). Thus the Whittaker differential equation (2.1) has two linearly independent solutions W µ,ν (z) and M + µ,ν (z).
We now explain the Fourier expansion form of polyharmonic weak Maass forms. First we consider the integral depth case. Since any f ∈ H r,! k satisfy the modular transformation law, we have f (z + 1) = f (z), that is, f (z) has the following Fourier expansion form
By the second condition for the definition of polyharmonic Maass forms, it holds that ∆ r k f (z) = 0, where ∆ k is the hyperbolic Laplacian defined by
Then each coefficient a(n, y) satisfies a certain 2r-order linear differential equation. For k = 1, Andersen-Lagarias-Rhoades [1] gave 2r linear independent solutions by
for 0 ≤ j ≤ r − 1 if n = 0, and for n = 0,
In the special case of j = 0, we can express these functions by simple functions,
where Γ(s, y) := ∞ y e −t t s−1 dt is the incomplete Gamma function. Hence we have
2 Z and r ∈ Z >0 . Then the FourierWhittaker expansion of f (z) is given by
where c ± n,j ∈ C. If k ∈ Z + 1/2, then it is required to satisfiy Kohnen's plus-condition.
Finally combining with the cusp condition. Corollary A.3 in [1] asserts that u 
where we put u 
where Γ := SL 2 (Z) if k ∈ Z and Γ := Γ 0 (4) if k ∈ Z + 1/2. This series is called the Maass-Poincaré series, and converges absolutely and uniformly on compact subset in Re(s) > 1. Moreover we set
where pr + k is Kohnen's projection operator introduced by Kohnen [13] . For k = λ k + 1/2, this operator is given by
, B ν := 1 0 4ν 1 , and the slash operator for (γ, φ(z)) is defined by g| k (γ, φ(z)) := φ(z) −2k g(γz). We can easily check that this P k,m (z, s) is an eigenfunction of the hyperbolic Laplacian,
Furthermore, it can be meromorphically continued in s to Re(s) > 1/2 except for possibly finitely many simple poles at points of the discrete spectrum of ∆ k . (See [7, Section 3] ). It is known that the Fourier expansion of P k,m (z, s) can be expressed in terms of the Kloosterman sums and Bessel functions. 
where the coefficients b k,m (n, s) are given by We remark two symmetric properties for the coefficients b k,m (n, s). First, it follows immediately from the above explicit formula that b k,m (n, s) = b k,n (m, s). The generalized Kloosterman sum satisfies thatK
Then it is convenient to put
and we have
Consequently, our goal is shifted to investigate the coefficients b 1/2,m (n, s). This coefficient was studied by Duke-Imamoḡlu-Tóth [3] .
Algebraic aspect.
For an integer m, we consider the Niebur-Poincaré series G m (z, s) defined by 
for m = 0, we have
Moreover by the Legendre duplication formula
thus we have
From now, we consider the modified traces explained in Section 1, 
while for m = 0 we have
Comparing this formula with Proposition 3.2, we can see that
Furthermore, by using the Möbius inversion, this can be written in the form
Finally, we combine this form and Lemma 3.3. For a non-zero integer d and a fundamental discriminant D or D = 1 such that (−1) λ k dD is not a square, the coefficients b k,m (n, s) are given by 
(see [3, (2. 24)]). This concludes the proof of Proposition 1.4.
Polyharmonic Maass forms, Lagarias-Rhoades
In this section, we give a basis for the space H r k as a half-integral weight analogue of LagariasRhoades' work [14] . Let k ∈ Z + 1/2. We recall that F k,m,r (z) and G k,m,r (z) are defined as
Here we remark that the coefficients F k,m,r (z) and G k,m,r (z) vanish if r < 0 except for F 1/2,n 2 ,−1 (z) = 0 with n ≥ 0. Then we see that these coefficients satisfy the following recurrence relations, (see [15, Section 5] ). For m = 0,
and for m = 0,
Our main goal of this section is that we show the following theorem.
Theorem 4.1. Let r ≥ 1 be an integer, and k = λ k + 1/2. Then
where S k consists of holomorphic cusp forms on Γ 0 (4) and E r k is spanned by {G k,0,0 (z), . . . , G k,0,r−1 (z)}. 4.1. Weight 1/2 case. This section is based on the work of Duke-Imamoḡlu-Tóth [3] . They showed
where θ(z) := r∈Z q r 2 and Z + (z) was given by [3, Theorem 4]
This formula is an analogue of the Kronecker limit formula, and one example that the generating function of trace-values is realized as the holomorphic part of a polyharmonic weak Maass form. Consider the Laurent expansion
Then by the important property
we see that ∆ r+2 1/2 F 1/2,0,r (z) = 0. Furthermore from Proposition 3.2, for Re(s) > 1 we have
By the analytic continuation of P 1/2,0 (z, s) to s = 3/4, we can obtain the Fourier expansion form of the function F 1/2,0,r (z) from this Fourier expansion. This does not have exponentially growing terms, thus we see that each coefficient F 1/2,0,r (z) is a polyharmonic Maass form of weight 1/2 and depth r + 2 (actually depth r + 3/2). Now we show the following lemma. By the action of ξ 1/2 , we have
that is, ξ 1/2 f (z) is a holomorphic modular form of weight 3/2. However there is no non-zero such form, thus we obtain f has depth 1/2 actually. Similarly we can show
by induction.
Next we show dimH r+1 1/2 ≤ dimH r 1/2 + 1. We assume that dimH r 1/2 = m and dimH 
On the other hand, for 1 ≤ i ≤ m + 1, it holds that 0 = ∆ 1/2 f i (z) ∈ H r 1/2 . By our assumption of dimH r 1/2 = m, there are some constants α i ∈ C such that
up to a constant multiple. This contradicts our assumption.
4.2. Weight 3/2 case. This section is based on the work of Jeon-Kang-Kim [10] . As we mentioned before, there is no holomorphic modular form of weight 3/2. They showed
where E 3/2 (z) ∈ H 1 3/2 is Zagier's Eisenstein series of weight 3/2 given by
Here β(s) = ∞ 1 t −3/2 e −st dt. From Proposition 3.2, we have
In the same way as the weight 1/2 case, we can show the following lemma. is spanned by G k,0,0 (z) = P k,0 (z, k/2) and holomorphic cusp forms S k . As for the case of k ≤ −1/2, there is no holomorphic modular form of weight k. The remaining proof is the same as above. [14, Section 6.3] ).
Remark. For any cusp form
f ∈ S k , a preimage F such that ξ 2−k F = f is not in H 1 2−k but in H 1,! 2−k , (see
Duke-Jenkins basis
Duke-Jenkins [5, 6] constructed a standard basis for the space H 1/2,! k = M ! k of weakly holomorphic modular forms. For k = λ k + 1/2, we define an integer ℓ k by 2λ k = 12ℓ k + k ′ where k ′ ∈ {0, 4, 6, 8, 10, 14}. Moreover we put (4), there exists the unique weakly holomorphic modular form f k,m (z) with Fourier expansion of the form
These coefficients satisfy the duality
As for k ≥ 2, it is known that the functions G k,m,0 (z) with m > 0 span the space S k of holomorphic cusp forms. More precisely, Rhoades [18] showed the following lemma. From now on, we reconstruct the Duke-Jenkins basis in terms of F k,m,r (z) and G k,m,r (z). First, let k = λ k + 1/2 ≤ −1/2 and m > 0. Since P k,m (z, s) converges in Re(s) > 1, we immediately see that
Comparing with the Duke-Jenkins basis f k,m (z) = q −m +
and m ≥ −A k > 0, we see that
is a harmonic function and bounded on the upper half plane H. Thus this difference is a constant, that is, equal to 0.
Next we consider the case of k = λ k + 1/2 ≥ 5/2. By Lemma 5.1 and an easy remark
we see that {G k,m,0 (z) | 0 < m ≤ A k } is a basis for S k . As for k ≥ 5/2 and −m < 0,
Similarly we have that
is a holomorphic cusp form for weight k ≥ 5/2. For m = 0, we have
Finally, we consider the cases of k = 1/2 and 3/2 separately. In these cases, the coefficients b k,m (n, s) has a possible pole at s = 3/4. For k = 1/2, Duke-Imamoḡlu-Tóth showed ( 
More precisely, for m < 0 but −m = ,
and for −m = ,
In conclusion, we obtain the following proposition.
Proposition 5.4. For k = λ k + 1/2 with λ k ∈ Z, we define an integer ℓ k by 2λ k = 12ℓ k + k ′ where k ′ ∈ {0, 4, 6, 8, 10, 14}. Moreover we put
a k (m, n)q n is expressed in terms of the functions F k,m,r (z), (b) If m is a non-zero square, then
Remark. For k ≥ 5/2, we can also express the Duke-Jenkins basis in terms of our functions G k,m,r (z) explicitly. For example, Jeon-Kang-Kim [12] gave such expression by using the Petersson inner product.
6. Proof of Theorem 1.2
First, we consider the case of k ≤ −1/2. By Proposition 3.2 and the relation Since the exponentially growing terms come from u Finally, as examples, we compute the Fourier coefficients of the holomorphic parts of F 1/2,0,0 (z) and G 3/2,0,1 (z). Throughout this section, we assume that a positive integer d and the product dD are not square numbers. By Theorem 1.2, the function F 1/2,0,0 (z) is a polyharmonic Maass form of weight 1/2 and depth 3/2. By (4.1), we have 
